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We argue that non-trivial fixed points bordering on the paramagnetic and ferromagnetic phases are most
likely to exist in the Higgs-Yukawa systems that have a connected domain with the paramagnetic phase and no
ferrimagnetic phase. We find three examples of such systems; among them is the U(1) system with naive fermions.
1. In this talk we want to emphasize the fol-
lowing three points:
(i) that the phase structure of the Higgs-
Yukawa systems depend crucially both on on their
symmetry group and on the form of the lattice
fermion action, even though the coupling of the
fermions to the Higgs fields is the same;
(ii) that the most likely candidates for the sys-
tems with non-trivial fixed points bordering on
the paramagnetic (PM) and ferromagnetic (FM)
phases are the systems that have a connected do-
main with the PM phase and no ferrimagnetic
(FI) phase;
(iii) that one of such systems is the U(1) system
with naive fermions.
We investigate the phase diagrams of the Z2,
U(1) and SU(2) Higgs-Yukawa systems with radi-
ally frozen Higgs fields for three types of chirally
invariant lattice fermion actions. Our method is
based on the variational mean field approxima-
tion, where contribution of the fermion determi-
nant is calculated for weak and strong Yukawa
coupling regimes in a certain ladder approxima-
tion [1,2].
2. The action of the system
A = − 2κ
∑
n,µ,a
φanφ
a
n+µˆ
+
∑
m,n
ψm(Dmn + yΦ˜mδmn)ψn (1)
has two parameters: the scalar hopping param-
eter κ and the Yukawa coupling y; φa are real
components of the group-valued field Φ, Φ˜ =
PLΦ
† + PRΦ. Given group, the system is deter-
mined by the form of the lattice Dirac operator
D. At κ > 0 it corresponds to certain contin-
uum Higgs-Yukawa model; at non-positive κ such
a correspondence is distroyed.
We shall require the system to be chirally in-
variant and operator D to have the form:
Dmn = −Dnm,
Dmn =
∫
p
eip(m−n)i γµ Lµ(p), (2)
with real Lµ(p);
∫
p
≡
∫
d4p/(2pi)4, pµ ∈ (−pi, pi).
We consider three examples of the lattice
fermions satisfying these conditions:
naive fermions with
Lµ(p) = sin pµ; (3)
non-local SLAC fermions with
Lµ(p) = pµ; (4)
and fermions with
Lµ(p) = sin pµ
[
1 +
(2
∑
ν sin
2 pν/2)
2∑
ν sin
2 pν
]
, (5)
whose action although is non-local, is originated
from the local mirror fermion action after inte-
grating out the mirror fermions (see [3] and also
[2]).
In all the cases the fermions couple to the Higgs
fields in the same way.
3. The method [1,2] yields closed analytical
expressions for the critical lines κ(y) between
the FM and PM phases and between the anti-
ferromagnetic (AM) and PM phases in the weak
2(W) and strong (S) coupling regimes: κW (y) and
κS(y), respectively. Their explicit form for the
Z2, U(1) and SU(2) systems can be found in [2].
The important fact is that for given group, the
form of these line is mainly determined by four
constants: GW (0), GW (pi), GS(0) and GS(pi),
which are the values of the functions
GW (q) =
∫
p
L(p)L(p+ q)
L2(p)L2(p+ q)
,
GS(q) =
∫
p
L(p)L(p+ q) (6)
at q = 0 and q = pi. Moreover, in the cases of
Z2 and SU(2) these constants determine singular
points of the expressions for κW (y) and κS(y),
thereby determining the domains of the weak and
strong coupling regimes in these cases. These
domains may be separated or they may overlap.
Both possibilities are realized in our examples.
As a result we get three types of the phase di-
agrams [2]:
(I) If these domains are separated and FM-
PM critical lines do not intersect AM-PM lines,
we have the diagram with two domains with PM
phase separated by the funnel with the FM phase
at the intermediate values of y. This is the case of
Z2 systems with the naive and mirror fermions.
(II) If the FM-PM lines intersect AM-PM lines
before possible intersection of the lines κW (y) and
κS(y), FI phase arises and PM phase occupates
two disconnected domains, too. This is the case
for the U(1) systems with more than one SLAC
fermions or with mirror fermions and for all the
SU(2) systems.
(III) Finally, if the domains of weak and strong
coupling regimes overlap, or they are not deter-
mined, like in the U(1) case, and the FI phase
does not arise, we have the diagram shown in
Fig. 1. Domain with the PM phase is now con-
nected. This is the case for the U(1) systems with
naive or one SLAC fermions and for Z2 system
with SLAC fermions.
In all the cases fermion correlators have dif-
ferent properties in the weak and strong cou-
pling regimes, at least in the FM and PM
phases, thereby distinguishing FMW and FMS,
and PMW and PMS phases [5] (see also [2]). In
particular, in PMW phase the fermions are mass-
Figure 1. Phase diagram of the type (III) (solid
lines); fermion condensate along the FM-PM crit-
ical line (dashed lines).
less, while in PMS phase they are decoupled from
the low lying spectrum.
4. We now concentrate on the neighbourhood
of the FM-PM critical lines, since it is this domain
is the most interesting for application to the el-
ementary particle physics. Consider the fermion
condensate along these lines. In our approxima-
tion this quantity has the form
〈ψ ψ〉 = −2D/2C(y) 〈φ〉 +O(〈φ〉2), (7)
where 〈φ〉 is v.e.v. of the Higgs field, and for
given group function C(y) is determined in the
weak and strong coupling regimes by the con-
stants GW (0) and GS(0), respectively, [2].
The important fact is that everywhere along
the FM-PM critical lines the condensate turnes
out to be continuous smooth function of y, except
for the only point A in the phase diagram of the
type (III) (see Fig. 1). In this figure dashed lines
show the function C(y) for the U(1) system with
naive fermions. The condensate can be defined
as the first order derivative of free energy of the
system. Therefore, its discontinuity in the point
A is an indication to a first order phase transition
separating FMW and FMS (and perhaps PMW
and PMS) phases. In Fig. 1 it is shown by the
crossed line. Since the condensate is an order
parameter of the system, too, the point A looks
3Figure 2. Possible variant of the phase diagram
of the type (III).
like tricritical point at which the first order phase
transition becomes a second order one.
Thus, we come to the scenario discussed in
ref. [4]. In view of the results of ref. [7] that
have given no evidence of non-trivial behaviour
of the SU(2) system in the point of forming the
FI phase, the point A is the only candidate for
non-trivial fixed point bordering on the FM and
PM phases.
5. So, we have found that only three of the con-
sidered systems posses such points. Note, that all
these points lie at negative κ, where the systems
have no their continuum counterparts and are not
reflection positive. Therefore, the necessary con-
dition for the systems to be of interest for contin-
uum physics is their physical positivitiy at κ < 0.
However, if this condition is satisfied and some
of these points turn out to be indeed non-trivial,
the problem of universality of the Higgs-Yukawa
systems will arise. In any case, it would be inter-
esting to find the systems where such points are
located at κ > 0.
Among these three systems is the U(1) system
with the naive fermions. The coordinates of the
point A in this case is: yA ≈ 1.34, κA ≈ −0.43
(for two fermions). The existence of such a point
in this system, however, disagrees with Monte
Carlo (MC) results of ref. [6], where FI phase has
been observed. We believe that this disagreement
is due to the finite lattice effects in the MC calcu-
lations. Our results for SU(2) system with naive
fermions and for U(1) and SU(2) systems with
mirror fermions are in agreement with MC results
[5,3]. In these cases the reasons for appearance of
the FI phase are quite clear. Therefore we see no
reasons why our method should fail in this case.
The only change in the diagrams of the type
(III) which we cannot exclude is that the FM-PM
critical line (and, perhaps, AM-PM line, too) ac-
tually has a discontinuity at some value of y not
far from yA. In this case the point A will be
shifted and split into two points, for example, as
it is shown in Fig. 2. Investigation of this ques-
tion, however, requires different methods.
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